On the equilibrium and admissibility coupling in NT vaults of general shape  by Baratta, Alessandro & Corbi, Ottavia
International Journal of Solids and Structures 47 (2010) 2276–2284Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rOn the equilibrium and admissibility coupling in NT vaults of general shape
Alessandro Baratta, Ottavia Corbi *
Department of Structural Engineering, University of Naples Federico II, via Claudio 21, 80125 Napoli, Italya r t i c l e i n f o
Article history:
Received 6 May 2009
Received in revised form 23 March 2010
Available online 27 April 2010
Keywords:
Structural mechanics
Analysis of masonry constructions
Vaults
No-tension material
Shells
Equilibrium
Stress admissibility0020-7683/$ - see front matter  2010 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2010.04.024
* Corresponding author. Tel.: +39 0817683739; fax
E-mail address: ottavia.corbi@unina.it (O. Corbi).a b s t r a c t
In the paper a approach for dealing with masonry vault analysis is outlined, based on the selection of
membrane stress surfaces obeying equilibrium and masonry material admissibility at the meanwhile.
Thereafter the problem is expressed in function of a suitably deﬁned stress function allowing some
simpliﬁcation and the search of the solution is, then, set up by an energetic approach.
In general, assuming the stress function as a generic function of the membrane surface, it is demon-
strated that, under gravitational loads, the equilibrium of the vault implies its admissibility. This result
is very signiﬁcant since coupling of equilibrium and strength explains why, anciently, it was so easy to
build up masonry vaults, by simply hypothesizing a resistant shape under the assigned loads and, at
the same time, resulting also in the satisfaction of the material requirements as regards to stress admis-
sibility.
A ‘‘direct stress” approach is outlined, as well, for obtaining analytical solutions for each vault shape,
and, as an example, its application to the case of the barrel vaults is reported.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Dealing with masonry vaults is a quite hard problem for a num-
ber of reasons: ﬁrst of all, when referring to the shell representing
the mid-surface of the vault, geometric difﬁculties arise in describ-
ing the vault surface and setting up the related shell treatment,
even if adopting the membrane stress assumption; moreover the
material behaviour is its-self non-linear since the masonry does
not admit tensile stresses in any part of the structure.
As concerns this latter consideration, the No-Tension (NT)
material model (Heyman, 1966, 1977; Zienkiewicz et al., 1968; Vil-
laggio, 1981; Baratta and Toscano, 1982; Di Pasquale, 1982; Panz-
eca and Polizzotto, 1988; Del Piero, 1989; Cuomo and Ventura,
2000; Baratta and I. Corbi, 2004b; Baratta and O. Corbi, 2005a;
Lucchesi et al., 2006) lends itself to this kind of application, because
of its suitability for static analyses of masonry structures (see e.g.
Baratta, 1984, 1991; Franciosi, 1986; Lucchesi et al., 1996; Baratta
and O. Corbi, 2003) – as also conﬁrmed by comparison with labo-
ratory tests (Lourenço, 1998; Baratta and O. Corbi, 2005b; Baratta
and I. Corbi, 2006; Baratta and O. Corbi, 2007) – and, in general,
of plane and spatial NT continua (Baratta and I. Corbi, 2004a, 2005).
The application of the no-tension model to masonry structures
is quite natural, provided that the main feature that differs the
masonry material from other structural materials is its inability
to resist tensile stresses. One should observe that even small
tensile stresses can produce very signiﬁcant variations of thell rights reserved.
: +39 0817683719.structural behaviour. And, in fact, the main difﬁculty encountered
when one applies linear analysis models, or even non-linear ones,
usually using some commercial software, is how to manage ten-
sile stresses which appear in the ﬁnal numerical results. Tensile
stresses help, of course, the statics of a structure, but are in gen-
eral very dangerous for the assessment of masonry structures.
Apart from some particular cases, depending on the particular
texture of stones and mortar, homogenized masonry is a brittle
material and has no ductility in tension. This means that equilib-
rium states would exist, where the start of one single crack trig-
gers a fast spreading of fractures over the whole body, which
loses its tensile capacity along a number of internal surfaces, pre-
viously contributing to resist tractions. The consequence of this is
that equilibrium states may be strongly unstable, with sudden,
unexpected, collapse occurring as soon as the tensile threshold
is attained in any point of the structure. The phenomenon is
somewhat similar to what happens in a poorly reinforced con-
crete beam, where tension is initially resisted by concrete. After
the concrete is cracked, tensile forces should be resisted by steel:
if it is insufﬁcient the beam collapses. It has been proved that in
some cases cracks, when investigated in the context of the Theory
of Fracture, may be deeper than those predicted by the NT
assumption. Really, tensile strength of masonry is not strictly zero
in any point, and in general fractures are localized and not
smeared in the mass of the material, as it is accepted in the NT
theory. But, the phenomenon is not so signiﬁcant in commonly
textured masonry where stones are relatively small and the spac-
ing of joints is much smaller than the overall size of the body
mass (Bazant, 1996).
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ered in the NT theory are not properly the same as the fractures in
the technical sense of the term; they simply represent an addi-
tional deformation that freely develops when some conditions
are veriﬁed (e.g. at least one principal stress is zero). The fracture
work is zero, and this is a difference with respect to what is tech-
nically intended as fracture. On the other hand, a comparison be-
tween NT solution and the elastic–brittle solution admitting
small tensile stress, has been studied in some early papers (Baratta,
1984, 1991). It has been demonstrated that in such case the com-
plementary energy corresponding to the brittle behaviour is
bounded from above by the NT solution, and it is also bounded
from below by the elastic–plastic solution. The latter is as close
to the NT energy as small is the allowable tensile stress. In other
words, not only the NT yields a higher energetic level, but also
approximates the brittle behaviour, in the sense of the comple-
mentary energy. Anyway, cracks are simply internal surfaces
where any tensile capacity, if any, is lost. So the fracturing process
cannot inﬂuence the overall load carrying capacity of the NT struc-
ture. A necessary condition for collapse is that a mechanism exists
such that the work produced by the load pattern is larger than
zero. Theorems of Limit Analysis, as applied to NT structures (see
e.g. Del Piero, 1998; Baratta and O. Corbi, 2005c), prove that, since
the internal work is zero, this is also a sufﬁcient condition. By con-
trast, if the loads can be equilibrated by a purely compressive
stress ﬁeld, the necessary condition cannot be realized, and the
structure does not collapse. But the chance to get equilibrium in
compression does not depend on the crack distribution prior to
collapse. It has been mentioned before that cases exist where ma-
sonry can sustain tensile stress, with a signiﬁcant ductile capacity.
This happens when brick stones and mortar joints are well ordered
in the masonry mass, and mutual compression combined with fric-
tion produces strength along some directions. In this case the
internal work is no more zero, and the NT assumption underesti-
mates the load carrying capacity and overestimates the crack dis-
tribution. In other words, it results in a safe assessment.
As regards the behaviour in compression, the simplest assump-
tion is that the masonry behaves as an indeﬁnitely elastic material,
coupled with a posteriori control of the admissibility of the maxi-
mum compressive stress intensity. Simplicity is not referred to the
solution search path, but it also involves an improvement in reli-
ability and robustness, since one is not forced to assume mechan-
ical parameters, which are usually affected by high uncertainty and
randomly vary throughout the body of the structure. Of course it is
possible to adopt more sophisticated models, but it should well be
kept in mind that ductility of masonry in compression is question-
able, and may be illusory for safety assessment.Fig. 1. Shell representing the meLast, but not least, a number of laboratory tests on masonry por-
tal arches (Baratta and O. Corbi, 2005b, 2007) and plane walls (Bar-
atta and I. Corbi, 2004b, 2006) yield a good agreement, in some
cases really excellent, between theory and experiments.
In conclusion, in the authors’ opinion, the NT assumption, cou-
pled or not with elastic behaviour in compression, is a natural
extension to masonry of the elastic model, which can be simply
and effectively implemented, with the difference that it is able to
give account of structural malfunctions, also contributing to iden-
tify the reasons of possibly observed crack frames and diseases.
Coming back to the statics of NT shells, the material assumption
requires an ad hoc conceived set up of the overall problem, which
should allow to individuate membrane stress surfaces both
responding to the requirements of stress admissibility and equilib-
rium with applied loads. Developing this feature, a very signiﬁcant
result can be obtained, as it is shown in the following, concerning
the nature of the relationship existing between equilibrium and
material admissibility in NT vaults of generic shape subject to grav-
itational loads.
Besides this result, a central point in the overall problem is
played by the opportunity of selecting a class of membrane sur-
faces able to a priori satisfy equilibrium with applied loads in such
a way to deﬁne a domain for the search of the full solution, includ-
ing equilibrium, admissibility and strain–displacements compati-
bility. Under this perspective, an approach is outlined for treating
the problem of analysis of masonry vaults.2. About the coupling of equilibrium and admissibility in NT
vaults of general shape
2.1. Membrane 3D-equilibrium of the generic vault element
Let consider a shell z = z(x,y) subject to generic load components
px, py, pz, as shown in Fig. 1. Since the shell is thin, only membrane
stresses can be developed. In order to express local equilibrium con-
ditions one should consider any single surface element, and write
equilibrium equations along coordinate axes, as in Fig. 2.
Because of the equilibrium of the element in the x and y direc-
tions, one has
@
@x Nx
cos/
cos h
 þ @Nxy
@y ¼ px 1cos/ 1cos h
@Nxy
@x þ @@y Ny cos hcos/
 
¼ py 1cos/ 1cos h
8<
: ð1Þ
where Nx, Ny and Nxy = Nyx represent the stress resultants per unit
length acting on the element, / denotes the value assumed by the
angle formed by the lines x = const. with the horizontal plane.mbrane surface of the vault.
Fig. 2. Generic surface element of membrane shell of the vault.
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by the lines y = const. with the horizontal plane. Both angles con-
tinuously vary between the two opposite sides AB and CD or AD
and BC of the element (Fig. 3).
Additionally, equilibrium along the z-direction yields
@Nx
@x
1
cos h
þ @Nxy
@y
1
cos/
 
sin/þ @Nxy
@x
1
cos h
þ @Ny
@y
1
cos/
 
sin h
¼ pz
1
cos/
1
cos h
ð2Þ
Considering the projections Nx; Ny; Nxy ¼ Nyx of the membrane
stresses onto the xy plane, as shown in Fig. 3, the following equa-
tions hold
Nx ¼ Nx cos hcos/ ; Ny ¼ Ny
cos/
cos h
; Nxy ¼ Nxy ð3Þ
with tan/ ¼ @z
@x
; tan h ¼ @z
@y
ð4ÞFig. 3. Stresses and external loads acting on a generic 3D-element of the vault
membrane shell and their projection on a plane.Moreover, after setting
px ¼ px cos h cos/; py ¼ py cos h cos/ ð5Þ
the equilibrium equations can be written as functions of the new
variables, yielding
@Nx
@x
þ @Nxy
@y
þ px ¼ 0; @Nxy
@x
þ @Ny
@y
þ py ¼ 0 ð6Þ
The z-equation, after some algebraic operations, reduces to
Nx
@2z
@x2
þ 2Nxy @
2z
@x@y
þ Ny @
2z
@y2
¼ pz þ px @z
@x
þ py @z
@y
ð7Þ
So the membrane equilibrium becomes analogous to the prob-
lem of a linearly elastic plane panel.
In most cases, it is advantageous to introduce a stress function
W(x,y) that reduces equilibrium equations to one second-order
equation as follows. By analogy with plate problems, the equilib-
rium conditions in the x and y directions are identically satisﬁed
if one puts
Nx ¼ @
2w
@y2

Z
pxdx; Ny ¼ @
2w
@x2

Z
pydy; Nxy ¼ Nyx ¼  @
2w
@x@y
ð8Þ
Then the third equilibrium equation turns into
@2w
@x2
@2z
@y2
 2 @
2w
@x@y
@2z
@x@y
þ @
2w
@y2
@2z
@x2
¼ pz þ px @z
@x
þ py @z
@y
þ @
2z
@x2
Z
pxdxþ @
2z
@y2
Z
pydy ð9Þ
If the membrane surface z(x,y) is known, the solution of the
problem is, thus, reduced to the identiﬁcation of the stress function
W(x,y). If px = py = 0, the latter equation simpliﬁes to:
@2w
@x2
@2z
@y2
 2 @
2w
@x@y
@2z
@x@y
þ @
2w
@y2
@2z
@x2
¼ pz ð10Þ
with Nx ¼ @
2w
@y2
; Ny ¼ @
2w
@x2
; Nxy ¼ Nyx ¼  @
2w
@x@y
ð11Þ2.2. Stress admissibility for NT material
Let consider a masonry vault with thickness ‘‘s”, subject only to
vertical loads, as shown in Fig. 4. Since it is assumed that the ma-
sonry cannot resist tensile stresses, the internal forces (and their
projections) should satisfy the following admissibility conditions
Fig. 4. The vault and its membrane shell under purely vertical loads.
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Ny 6 0
N2xy  NxNy 6 0
+
()
Nx 6 0
Ny 6 0
N2xy  NxNy 6 0
*
ð12Þ
A solution can be attempted searching for a membrane surface
z = z(x,y) completely internal to the mass of the vault, and such to
resist the downward (i.e. positive) load pz by purely compressive
internal forces. The ﬁrst condition is expressed by the inequalities
z1ðx; yÞ 6 zðx; yÞ 6 z2ðx; yÞ ð13Þ
where z1(x,y) and z2(x,y) are the surfaces identifying the upper and
lower proﬁles of the vault, respectively.
2.3. Coupling of stress equilibrium and admissibility
Deﬁnitively, setting the problem in plane variables, with
px = py = 0, the equilibrium is expressed by Eq. (10) with the related
Eq. (11) which express non-linear differential equations in both the
unknown functions W(x,y) and z(x,y), whilst admissibility condi-
tions are given by Eq. (12).
So, the key of the problem is how the stress function W(x,y)
couples with the membrane function z(x,y). It is interesting to note
that if one takes
Wðx; yÞ ¼ kzðx; yÞ with k > 0 ð14Þ
by substitution in Eq. (11), one has
Nx ¼ k @
2z
@y2
; Ny ¼ k @
2z
@x2
; Nxy ¼ Nyx ¼ k @
2z
@x@y
ð15Þ
Coupling with admissibility conditions, one gets
Nx 6 0
Ny 6 0
N2xy  NxNy 6 0
9>=
>;()
@2z
@y2 P 0
@2z
@x2 P 0
9=
;
@2z
@x2
@2z
@y2  @
2z
@x@y
h i2
P 0
8>><
>>>:
ð16Þ
With the position Eq. (14), the equilibrium condition in Eq. (10)
turns into
@2z
@x2
@2z
@y2
 @
2z
@x@y
" #2
¼ pz
2k
ð17ÞIf pz is a gravitational load, then pz P 0, and it is immediate to
observe that Eq. (17), expressing equilibrium, coincides with the
third row on the right side of Eq. (16). Thus equilibrium implies
admissibility, provided that the shell surface is expressed by a con-
vex function z(x,y).
This is a very signiﬁcant result since coupling of equilibrium
and strength explains why it was so easy to build up masonry
vaults in ancient times. Simple hypotheses formulated about the
resistant shapes of vaults as regards to equilibrium usually re-
sulted also in the respect of the admissibility conditions of the ma-
sonry material.
This result can be generalized. Actually, by repeating the same
reasoning, more in general, the stress function can be assumed as
a generic function of the membrane function
Wðx; yÞ ¼ F½zðx; yÞ ð18Þ
whence from Eq. (11), one gets
Nx ¼ d
2F
dz2
@z
@y
 	2
þ dF
dz
@2z
@y2
; Ny ¼ d
2F
dz2
@z
@x
 	2
þ dF
dz
@2z
@x2
;
Nxy ¼ Nyx ¼  d
2F
dz2
@z
@y
@z
@x
þ dF
dz
@2z
@x@y
 !
ð19Þ
By coupling with admissibility conditions, one gets
Nx 6 0
Ny 6 0
N2xy  NxNy P 0
9>=
>;()
d2F
dz2
@z
@y
h i2
þ dFdz @
2z
@y2 6 0
d2F
dz2
@z
@x

 2 þ dFdz @2z@x2 6 0
9>=
>;
d2F
dz2
@z
@y
h i2
þ dFdz @
2z
@y2
 
d2F
dz2
@z
@x

 2 þ dFdz @2z@x2 
 d2F
dz2
@z
@y
@z
@xþ dFdz @
2z
@x@y
h i2
6 0
8>>>>><
>>>>>>:
ð20Þ
Finally, the equilibrium condition in Eq. (10) turns into
2
@F
@z
@2z
@x2
@2z
@y2
 @
2z
@x@y
@2z
@x@y
 !
þ @
2F
@z2
@z
@x
 2
@2z
@y2
 2 @z
@y
@z
@x
@2z
@x@y
þ @z
@y
 2
@2z
@x2
" #
¼ pz ð21Þ
Fig. 5. Shell representing the mid-surface of a barrel vault with horizontal directrix.
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diate to observe that Eq. (21), expressing equilibrium, coincides
with the third row on the right side of Eq. (20).
3. The stress direct approach to the problem of NT vaults
3.1. A possible approach to the problem
After membrane forces have been identiﬁed, stresses and conse-
quently elastic energy are easily calculated.
As shown in the previous paragraph, a possible approach to the
problem,whichwill be referred to as ‘‘direct stress approach” consists
in hypothesizing a shape of the stress functionW(x,y) a priori satis-
fying equilibriumandmaterial admissibility, and, thereafter, deduc-
ing the related membrane function z(x,y), and, therefore, stress
distribution; in somecases this approachallows to identify solutions
ﬁtting some vault typologies; in the following, the case is presented
of vaults of translation, suchas thebarrel vaultwith indeﬁnite length
and the barrel vault with constraints at its longitudinal extremities,
for showing how the stress direct approach can be set up.
One should emphasize that this approach requires a consistent
initial effort for hypothesizing a suitable form of the stress function
for each vault shape; on the counterpart, it offers the great advan-
tage of being able to give the analytical expressions of the solutions
for the different typologies of masonry vaults, thus allowing to pro-
vide for the ﬁrst time, as an original and useful result, the problem
solution in a closed form.
In the following, the classical treatment for barrel vaults of
indeﬁnite length is presented and the relevant results are com-
pared with the treatment by means of the stress direct approach,
showing how it is possible to recognize the funicular line expres-
sion for this vault typology.
3.2. The indeﬁnite length barrel vault
3.2.1. The classical approach
As a simple example, one can consider the case of barrel vaults;
one can, thus, initially, follow the classical approach and specialize
the general equilibrium problem as follows.
First of all one should consider that, since the vault geometri-
cally derives from the translation along a directrix of a generating
arch curve, in this case, the meridian lines coincide with the gener-
atrix in their shapes; if one considers a rectilinear directrix, the
vault parallels are horizontal and rectilinear as well.
By considering a barrel vault characterized by a horizontal
directrix parallel to the y axis (h = 0), the meridian curves of the
shell are contained in planes parallel to the xz plane (Fig. 5).
The surface of the shell representing the mid-surface of the
vault can be deﬁned by the equation z = f(x).
Because of the vault geometry, one has that
h ¼ 0; tan/ ¼ @z
@x
; tan h ¼ @z
@y
¼ 0; dsx ¼ dxcos/ ;
dsy ¼ dycos h ¼ dy; dA ¼ dsxdsy ¼
dx
cos/
dy
cos h
¼ dx
cos/
dy ð22Þ
Moreover in absence of horizontal loads and if the vertical load
is not dependent on y, as it happens when the vault is subject to
only vertical loads due to the self-weight (i.e. pz ¼ pz xð ÞP 0Þ,
and, additionally, assuming that the vault has an indeﬁnite length
in the direction y, one has
px ¼ 0; py ¼ 0; pz ¼ pz cos/ cos h
! px ¼ 0; py ¼ 0; pz ¼ pz cos/ ¼ pzðxÞP 0
Nx ¼ Nx cos hcos/ Ny ¼ Nxy ¼ Nyx ¼ 0
! Nx ¼ Nxcos/ ; Ny ¼ Nxy ¼ Nyx ¼ 0
ð23ÞTherefore, for the equilibrium of the element in the x direction,
the ﬁrst of Eq. (1) turns into
@
@x
Nx
cos/
cos h
 
¼ 0! @Nx
@x
¼ 0 ð24Þ
whilst the equilibrium of the element in the y direction is immedi-
ately satisﬁed since the second of Eq. (1) reduces to an identity.
Additionally, for equilibrium along the z-direction, from Eq. (2)
one gets
@
@x
Nx
sin/
cos h
 
þ pz
1
cos/
1
cos h
¼ 0! @
@x
Nx
@z
@x
 
þ pz ¼ 0 ð25Þ
Therefore, equilibrium conditions are reduced to the two equa-
tions relevant to the x and z directions, i.e.
@Nx
@x ¼ 0
@
@x Nx
@z
@x
 þ pz ¼ 0
(
ð26Þ
After introducing a stress functionW(y) such to immediately satisfy
the equilibrium condition in the z direction, the third equilibrium
equation for the barrel vault with horizontal axis parallel to x and
indeﬁnite length turns into
@2wðyÞ
@y2
@2z
@x2
¼ pz with Nx ¼ @
2wðyÞ
@y2
ð27Þ
The solution of the problem is thus reduced to the determina-
tion of stress function W(y).
Assuming that the generatrix curve of the vault is a circular arch
(Fig. 6) of radius R, with constant thickness s and unit weight c, one
has
pz ¼ pzðxÞ ¼ cs 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðx=RÞ2
q ¼ cs 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p ð28Þ
with t = x/R.
Since the vault is undeﬁned in the direction y and the load is not
dependent on y, one puts
wðyÞ ¼ H y
2
2
þ byþ c; z ¼ zðxÞ ð29Þ
Fig. 6. 3D and 2D (cross section) representation of a barrel vault with horizontal directrix and circular arch generatrix.
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@2wðyÞ
@y2
@2z
@x2
¼ H @
2z
@x2
¼ pzðxÞ ¼ cs 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðx=RÞ2
q ð30Þ
Considering that x = Rt, and that, consequently, the previous equa-
tion can be written in function of ‘‘t” rather than of ‘‘x”, one gets
the solution
zðtÞ ¼ cs R
2
H
arcsinðtÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
þ C
h i
ð31Þ
with C and H constants to be determined by the following boundary
conditions (Fig. 6)
x ¼ 0) t ¼ 0) zð0Þ ¼ cs R
2
H
ð1þ CÞ ¼ zo
x ¼ x1 ) t1 ¼ x1R ) zðt1Þ ¼ cs
R2
H
½t1 arcsinðt1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t21
q
þ C ¼ z1
ð32Þ
where zo and z1 are arbitrary ordinates, conditioned by the circum-
stance that z(t) should be contained in the interior of the proﬁle of
the vault.
One thus gets the undetermined constants
C ¼  1þ H
R2
zo
cs
 
; H ¼ cs R
2
ðz1  zoÞ ½1 t1 arcsinðt1Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t21
q

ð33Þ
whence it is possible to calculate the internal forces
Nx 6 0; Ny ¼ Nxy ¼ 0 and Nx 6 0, Ny = Nxy = 0, obtaining
Nx ¼ Nxcos/ ¼
H
cos/
ð34Þ
It is also possible to realize that the equilibrium solution allows the
structure to behave as a sequence of identical independent arches.
3.2.2. The stress direct approach
By the stress direct approach one should choose an expression
of the stress function suitably related to the membrane function
for the speciﬁc vault shape.
For instance, one considers the case when
wðx; yÞ ¼ kzðx; yÞ þ f ðyÞ þ gðxÞ ð35Þ
Therefore one has
@2w
@x2
¼ k @
2z
@x2
þ g00ðxÞ; @
2w
@y2
¼ k @
2z
@y2
þ f 00ðyÞ; @
2w
@x@y
¼ k @
2z
@x@y
ð36ÞFrom Eq. (10), equilibrium turns into
2k @
2z
@x2
@2z
@y2
þ 2k @
2z
@x@y
 !2
þ f 00ðyÞ @
2z
@x2
þ g00ðxÞ @
2z
@y2
¼ pz ð37Þ
If one considers
pz ¼ pzðxÞ; z ¼ zðxÞ ð38Þ
equilibrium reduces to
f 00ðyÞ d
2zðxÞ
dx2
¼ pzðxÞ ) f 00ðyÞ ¼ H ¼ const: ¼ Nx 6 0) H P 0
ð39Þ
whence
z00ðxÞ ¼ pzðxÞ
H
P 0
Nx ¼ @
2w
@y2
¼ f 00ðyÞ ¼ const: 6 0; Ny ¼ @
2w
@x2
¼ kz00ðxÞ þ g00ðxÞ;
Nxy ¼ @
2w
@x@y
¼ 0
ð40Þ
According to Eq. (12), admissibility requires thatN2xy  NxNy 6 0;
then the solution is admissible if kz00(x) + g00(x) 6 0. If one takes
kz00(x) + g00(x) = 0 the previous Eq. (40) yield
z00ðxÞ ¼ pzðxÞ
H
P 0
Nx ¼ @
2w
@y2
¼ f 00ðyÞ ¼ const: 6 0; Ny ¼ @
2w
@x2
¼ 0; Nxy ¼ @
2w
@x@y
¼ 0:
ð41Þ
The equation
z00ðxÞ ¼ pzðxÞ
H
P 0 ð42Þ
is nothing else than the funicular line of the active load, and H the
relevant thrust, as already obtained in Eq. (30), which is the well
known solution for the barrel vault as a sequence of independent
arches.
3.3. The conﬁned barrel vault
3.3.1. General set up
In the case when the barrel vault is not indeﬁnite in its length
but two tympani are present at its extremities, one can still neglect
shear forces orthogonal to the vault middle surface, like in the case
of the barrel vault with indeﬁnite length.
Fig. 7. 3D representation of a conﬁned barrel vault and of a possible membrane
surface.
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their planes, exhibiting no resistance out of such planes, thus
requiring that the normal membrane component Ny is zero at the
vault extremities. As a consequence of the assumed vault non-
deformability with regards to membrane tangential stress, the sol-
idarity with tympani requires that the end arch-strips adherent to
the tympani satisfy the constraint condition ex = 0 over the whole
contact surface (the transverse proﬁle of the vault), whence also
Nx = 0 at the extremities.
As regards the tangential membrane stress Nxy, in this special
case, it attains its maximum values on the tympani, where it can-
not be neglected, thus requiring that the stress function W is cho-
sen in such a manner to be able to reproduce even this stress term.
3.3.2. The stress direct approach
The problem of the conﬁned barrel vault can be dealt with by
the stress direct approach by suitably hypothesizing a shape of
the stress function, in a way analogous to the one shown for the
case of indeﬁnite length barrel vault, and, thus, obtaining the prob-
lem solution in an analytical form.
Let set
Wðx; yÞ ¼ ay2aðxÞ
zðx; yÞ ¼ Woðx; yÞ Wðx; yÞ
2k
ð43Þ
with the coefﬁcient ‘‘a” such that 0 6 aL 6 1, being ‘‘L” a length
parameter and a(x) obeying the equation
qaðxÞa00ðxÞ  a02ðxÞ ¼ kpzðxÞP 0; q ¼ 1=2 ð44Þ
One should notice that a(x) is the function governing the internal
forces in the membrane surface. In fact, from Eq. (11), one has
Nxðx; yÞ ¼ @
2Wðx; yÞ
@y2
¼ 2aaðxÞ; Nxyðx; yÞ ¼ @
2Wðx; yÞ
@x@y
¼ 2aya0ðxÞ; Nyðx; yÞ ¼ @
2Wðx; yÞ
@x2
¼ ay2a00ðxÞ ð45Þ
Wo(x,y) is assigned in the form
Woðx; yÞ ¼ GðxÞy2 þ QðxÞ ð46Þ
with G(x) and Q(x) obeying the following differential equation
2aa00ðxÞGðxÞ  8aa0ðxÞG0ðxÞ þ 2aaðxÞG00ðxÞy2 ¼ 8ka2pzðxÞ
2aaðxÞQ 00ðxÞ ¼ 2kpzðxÞ
ð47Þ
The membrane surface remains identiﬁed by the equation:
zðx; yÞ ¼ Woðx; yÞ Wðx; yÞ
2k
¼ GðxÞy
2 þ QðxÞ  ay2aðxÞ
2k
ð48Þ
The initial values of a(x), G(x), Q(x) and relevant derivatives, and the
values of ‘‘a” and ‘‘k” remain undetermined and available to set
additional constraints.
Actually, if the problem is symmetric in both directions hxi and
hyi, the following conditions should be added:
@z
@x
 
x¼‘=2
¼ zx  ‘2 ;y
 
¼G
0ð‘=2Þy2þQ 0ð‘=2Þay2a0ð‘=2Þ
2k
¼ z1ðyÞ6 0
@z
@x
 
x¼þ‘=2
¼ zx þ ‘2 ;y
 
¼G
0ðþ‘=2Þy2þQ 0ðþ‘=2Þay2a0ðþ‘=2Þ
2k
¼ z2ðyÞP 0
z2ðyÞ ¼z1ðyÞ 8y) G
0ðþ‘=2ÞþG0ð‘=2Þ ¼ a a0ðþ‘=2Þþa0ð‘=2Þ½ 
Q 0ðþ‘=2Þ ¼Q 0ð‘=2Þ

ð49Þ
still because of symmetry@z
@x
 
x¼‘=2
¼ zx  ‘2;y
 
¼G
0ð‘=2Þy2þQ 0ð‘=2Þay2a0ð‘=2Þ
2k
¼ z1ðyÞ60
@z
@x
 
x¼þ‘=2
¼ zx þ ‘2;y
 
¼G
0ðþ‘=2Þy2þQ 0ðþ‘=2Þay2a0ðþ‘=2Þ
2k
¼ z2ðyÞP0
z2ðyÞ¼z1ðyÞ 8y) G
0ðþ‘=2ÞþG0ð‘=2Þ¼a a0ðþ‘=2Þþa0ð‘=2Þ½ 
Q 0ðþ‘=2Þ¼Q 0ð‘=2Þ
(
ð50Þ
Initial conditions for a(x), G(x) and Q(x) and the parameters ‘‘a” and
‘‘k” can be sought in order to meet the requirement that the mem-
brane surface z = z(x,y) is in the interior of the vault thickness
everywhere. One should notice that the set functions comply with
the equations
@2W
@x2
@2z
@y2
 2 @
2W
@x@y
@2z
@x@y
þ @
2W
@y2
@2z
@x2
¼ pzðxÞ ð51Þ
@2W
@x2
@2W
@y2
 @
2W
@x@y
 !2
¼ qðyÞkpzðxÞ > 0
@2W
@x2
@2Wo
@y2
 2 @
2W
@x@y
@2Wo
@x@y
þ @
2W
@y2
@2Wo
@x2
¼  1 qðyÞ½ 2kpzðxÞ
ð52Þ
i.e. equilibrium and admissibility vs. vertical load are satisﬁed pro-
vided that 0P q(y)P 1 "y.
If one looks at the z-surface resulting from the above positions
(Figs. 7 and 8), one realizes that this can be assumed as the mem-
brane surface for a conﬁned barrel vault.
4. Stress solution by the complementary energy approach
4.1. The principle of minimum complementary energy for no-tension
bodies
The problem of analysing No-Tension (NT) bodies under live
loads can be approached by means of an extension to NT bodies
of the Minimum Complementary Energy principle (see e.g. Baratta
and Toscano, 1982; Cuomo and Ventura, 2000; Baratta and O. Cor-
bi, 2005a; Baratta, 1984, 1991). The stress ﬁeld r can be found as
the constrained minimum of the Complementary Energy func-
tional C (r), under the condition that the stress ﬁeld r is in equi-
librium with the applied loads and compressive everywhere, as
required by material admissibility (which, thus, results in the
requirement of semi-negative deﬁnition of the stress tensor).
Assuming linear elasticity in compression, the complementary
functional C(r) can be written in the form
CðrÞ ¼ 1
2
Z
V
r  CrdV 
Z
St
T  udS; T ¼ ran ð53Þ
Fig. 8. 2D representation of a conﬁned barrel vault with the trace of a possible membrane surface.
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given by the product T = r an with an the unit outgoing vector
orthogonal to the constrained surface St, and u is the vector of con-
strained displacements on St.
In Eq. (53), on the left side of the equation, the ﬁrst term deﬁnes
the (complementary) elastic energy stored in the body and the sec-
ond term represents the reactions’ work developed at the con-
strained points on St.
It can be proved (Baratta and O. Corbi, 2005a) that the solution
stress ﬁeld (i.e. the stress ﬁeld ro such that the elastic strains Cro
can be made compatible with a continuous displacement ﬁeld by
the superposition of a fracture strain ﬁeld ef), satisﬁes the condition
CðroÞ ¼min
r2Do
CðrÞ ¼ Co ð54Þ
with Do the set of statically admissible stress ﬁelds (i.e. tensor ﬁelds
r(x) in equilibrium with the applied loads and locally admissible at
every point of the body); in other words the stresses in solution are
identiﬁed by the minimum of the Complementary Energy con-
strained by the condition that stress ﬁelds are admissible and in
equilibrium with the applied loads. More explicitly, Eq. (54) can
be set up in the form
Find min
r2Do
CðrÞ
Sub
divrþ F ¼ 0 in V
ran ¼ p on Sp

hrðrÞP 0
8><
>:
8>><
>>>:
ð55Þ
where F and p denote respectively the vectors of volume and sur-
face forces acting in the volume V and on the loaded surface Sp,
and the constraints hr(r)P 0 express material admissibility in
compact form.
The solution of the problem in Eq. (55), after discretization, can
be numerically obtained by means of Operational Research meth-
ods and procedures, since it generally results in a non-linear pro-
gramming problem.
The principle of minimum complementary energy produces a
stress ﬁeld such to imply a compatible strain ﬁeld, which means
that the ﬁeld of elastic strains ee directly associated to the stress
ﬁeld (ee = Cr) satisﬁes internal compatibility if superposed to an
admissible fracture strain ﬁeld ef (in the sense of NT material
admissibility, which means that the fracture ﬁeld is required to
be positive semi-deﬁnite).4.2. The principle of minimum complementary energy for no-tension
vaults
Coming back to the problem of No-Tension (NT) vaults, once
membrane forces have been identiﬁed, stresses and consequently
complementary elastic energy can be easily calculated.Therefore, after individuating the set of admissible membrane
surfaces (in terms of admissibility and equilibrium, i.e. satisfying
the set of inequalities in Eq. (55)), a possible approach in order to
ﬁnd the solution in terms of stresses is to set up a Complementary
Energy problem to be formulated as an extension to NT vaults of
the classical analogous energetic approach for linearly elastic
structures, as summarized in the previous section for NT bodies.
This kind of approach has been already successfully applied to
masonry arches modeled by the No-Tension (NT) assumption
(see e.g. Baratta and O. Corbi, 2005a; Baratta and O. Corbi, 2003),
showing to produce, in its numerical implementation, results in
excellent agreement with experimental data.
In order to undertake this approach the expression of the Com-
plementary Energy embedded in a masonry vault element should
be evaluated. In case of NT assumption, one should consider that
the generic element appears to be partially resistant; this means
that, denoting by u the distance of the membrane surface from the
upper proﬁle of the vault element, the position of the neutral surface
(i.e. characterized by null stresses) is located at a distance of 3u from
the extrados of the element. With reference to Fig. 9 one has
rxCðx; yÞ ¼ 49
Nxðx; yÞ
uðx; yÞ ; ryCðx; yÞ ¼
4
9
Nyðx; yÞ
uðx; yÞ ð56Þ
with rxC, ryC denoting the stress components in correspondence of
the point C where the stress forces are applied, i.e. at the point
where the membrane surface z(x,y) intersects the normal line to
the middle surface of the vault (Fig. 9), and u(x,y) being the distance
of the membrane surface from the boundary compressed proﬁle of
the vault (the extrados in the case in Fig. 9).
The strain components exC, eyC of the ﬁbres parallel to x and y
and passing through the same point C are
exCðx; yÞ ¼ 1E rxCðx; yÞ  mryCðx; yÞ

 
;
eyCðx; yÞ ¼ 1E ryCðx; yÞ  mrxCðx; yÞ

  ð57Þ
When neglecting the shear stress/strain component, the elastic
energy is given as follows:
dLðx; yÞ ¼ 1
2
Nxðx; yÞdsyexCðx; yÞdsx þ Nyðx; yÞdsxeyCðx; yÞdsy
 
¼ 2
9E
N2x ðx; yÞ  2mNyðx; yÞNxðx; yÞ þ N2yðx; yÞ
uðx; yÞ
( )
dsxdsy
L ¼
Z
Xz
dLðx; yÞ
¼ 2
9E
Z
Xz
N2x ðx; yÞ  2mNyðx; yÞNxðx; yÞ þ N2yðx; yÞ
uðx; yÞ
( )
dsxdsy
ð58Þ
with dL the elastic energy stored in any shell element, and Xz the
whole membrane surface z (x,y).
Fig. 9. Cross sections of the generic element of the vault and normal stresses
distribution: (a) yz plane and (b) xz plane.
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expression is given by adding to the elastic energy termL, the en-
ergy related to the work developed by the constraint reactions R,
as C ¼LþR.
The solution in terms of stresses shall be then searched for by
numerically implementing the minimization of the Complemen-
tary Energy functional under the condition that the solution itself
is respectful of the above quoted equilibrium and admissibility
equations.
5. Conclusions
The paper addresses the problem of treating masonry vault
analysis, by assuming that the material cannot resist tensile stres-
ses. The static contribution of the ﬁll, if any, is not considered, and
the load is assumed to be known and directly applied on the extra-
dos surface of the vault. Filtering of load through the ﬁll may be an
option, possibly to be pursued through heuristic approaches.
The 3D-equilibrium problem is related to a 2D one, by introduc-
ing a suitably deﬁned stress functionW (x,y), as in the classical Pu-
cher’s approach, allowing the reduction of equilibrium conditions
from three to one, which is a non-linear second-order differential
equation.
As a general approach, for the vault to work as a no-tension
structure, it is recognized that it is sufﬁcient that a membrane sur-
face completely included into the thickness of the vault exists, de-
signed in way to resist applied loads by purely compressive
membrane forces.
Thus the central point of the problem lays in the relationship
between the stress function and the membrane equation.
Actually in the paper an original result is found, which appears
particularly important: by expressing the stress function as a func-
tion of the membrane surface [Eq. (14)], under purely gravitational
loads, equilibrium and admissibility in NT vaults appear deeply re-
lated, since they are demonstrated to be expressed by the same
equation.
This result means that a single joint equation is able to account
at the meanwhile for both equilibrium and admissibility, also giv-
ing a scientiﬁc demonstration of the easiness of building masonry
vaults, spreading also in the early stages of Architecture in the ab-
sence of any scientiﬁc background (see e.g. Benvenuto, 1990), due
to the almost immediate intuition of equilibrium against applied
load, which is able to assure also admissibility. Eqs. (16), (17) yield
a class of particular integrals of the general problem set in Eqs.(10)–(12), that covers a wide variety of possible load distributions,
practically allowing to sharply approximate any loading pattern,
no matter the shape of the vault.
In the second part of the paper, the case is considered of vaults
of translation by approaching the problem in the mentioned origi-
nal way. The ﬁrst example (Section 3.2) is addressed to illustrate
the solution path and to show how the proposed solution includes
the relevant well established results. The second example is con-
cerned with a fully 3D problem, yielding solutions for the effect
of the restraining end walls (the tympani). The shape of the stress
function is assumed in a rather intuitive fashion as a function of the
membrane surface, allowing to identify membrane functions
which may be related to the two cases of the barrel vault with
indeﬁnite length and with constraints at its extremities.
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